change of basis formula linear algebra

change of basis formula linear algebra is a fundamental concept that plays a crucial
role in understanding vector spaces and their transformations. This formula allows
mathematicians and scientists to convert vectors and matrices from one basis to another,
facilitating easier computations and deeper insights into the structure of linear
transformations. In this article, we will explore the change of basis formula in detail,
covering its definition, the mathematical derivation, and practical applications. We will
also discuss how to construct a change of basis matrix and provide examples to illustrate
these concepts clearly. By the end of this article, readers will have a comprehensive
understanding of the change of basis formula and its significance in linear algebra.
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Understanding Basis in Linear Algebra

In linear algebra, a basis of a vector space is a set of vectors that are linearly independent
and span the space. This means that any vector in the space can be expressed as a linear
combination of the basis vectors. Understanding the concept of a basis is essential for
grasping the change of basis formula, as it forms the foundation upon which the formula
operates.

Definition of Basis

A basis consists of a specific number of vectors corresponding to the dimension of the
vector space. For instance, in a two-dimensional space, a basis can include two vectors,
while in a three-dimensional space, a basis requires three vectors. The properties of a
basis include:



e Linear Independence: No vector in the basis can be written as a linear combination
of the others.

e Span: The linear combinations of the basis vectors can express every vector in the
vector space.

Choosing different bases for the same vector space can simplify calculations or provide
new insights into the structure of the space. This is where the change of basis formula
becomes particularly useful.

Types of Bases

There are several types of bases used in linear algebra, including:

e Standard Basis: In \(\mathbb{R}"n\), the standard basis consists of unit vectors
along each coordinate axis.

¢ Orthogonal Basis: A basis where all vectors are orthogonal to each other,
simplifying calculations involving dot products.

¢ Orthonormal Basis: An orthogonal basis where each vector has a unit length.

Each type of basis offers distinct advantages in various applications of linear algebra, and
understanding these distinctions is key to effectively using the change of basis formula.

The Change of Basis Formula

The change of basis formula is a mathematical tool that allows one to convert the
coordinates of a vector from one basis to another. This process is essential for applications
in computer graphics, physics, engineering, and more.

Mathematical Definition

Given a vector \( \mathbf{v} \) expressed in basis \( B \) and a new basis \( B'\), the
change of basis formula can be represented mathematically as:

\[\mathbf{v} {B'} = P {B'\leftarrow B} \cdot \mathbf{v} {B}\]



Here, \( P_{B' \leftarrow B} \) is the change of basis matrix that transforms coordinates
from basis \( B \) to basis \( B'\).

Understanding the Change of Basis Matrix

The change of basis matrix \( P_{B' \leftarrow B} \) is constructed from the basis vectors of
\( B\) and \( B'\). It essentially encapsulates how each vector in basis \( B \) corresponds to
vectors in basis \( B'\).

Constructing the Change of Basis Matrix

To construct the change of basis matrix, follow these steps:

1. Identify the Bases: Determine the two bases \( B\) and \( B' ).

2. Express Basis Vectors: Write the vectors of basis \( B'\) in terms of the vectors of
basis \( B \).

3. Form the Matrix: Use the coefficients from the linear combinations to form the
change of basis matrix \( P_{B' \leftarrow B} \).

For example, if basis \( B \) consists of vectors \( \mathbf{b 1} \) and \( \mathbf{b 2} ),
and basis \( B'\) consists of vectors \( \mathbf{b' 1} \) and \( \mathbf{b' 2} \), the change
of basis matrix is constructed by finding how \( \mathbf{b' 1} \) and \( \mathbf{b' 2} )
can be expressed in terms of \( \mathbf{b 1} \) and \( \mathbf{b 2} \).

Applications of the Change of Basis Formula

The change of basis formula is widely used across various fields. Here are some key
applications:

e Computer Graphics: In graphics programming, transformations such as rotation
and scaling often require changing the basis to manipulate objects correctly.

e Physics: In physics, different coordinate systems (like Cartesian, polar, or spherical)
are often used, requiring basis changes for accurate modeling.

e Machine Learning: In data science, changing the basis can help in feature
transformation, such as principal component analysis (PCA).



Each of these applications relies on the ability to switch perspectives or coordinate
systems, demonstrating the versatility of the change of basis formula.

Examples and Illustrations

To further clarify the change of basis formula, consider the following example:

Example 1: Simple Change of Basis

Suppose we have two bases in \( \mathbb{R}"~2\): \( B =\{ (1, 0), (0, 1) \} \) (the standard
basis) and \( B' =\{ (1, 1), (1, -1) \} \). To find the change of basis matrix from \( B \) to \(
B'\), we express the vectors of \( B'\) in terms of the standard basis:

\[\begin{pmatrix} 1 \\ 1 \end{pmatrix} = 1 \cdot \begin{pmatrix} 1 \\ O \end{pmatrix} + 1
\cdot \begin{pmatrix} 0 \\ 1 \end{pmatrix}\]

\[\begin{pmatrix} 1 \\ -1 \end{pmatrix} = 1 \cdot \begin{pmatrix} 1 \\ O \end{pmatrix} - 1
\cdot \begin{pmatrix} 0 \\ 1 \end{pmatrix}\]

This gives us the change of basis matrix:

\[P_{B'\leftarrow B} = \begin{pmatrix} 1 & 1 \\ 1 & -1 \end{pmatrix}\]

Example 2: Transforming a Vector

To transform the vector \( \mathbf{v} = (3, 2) \) from basis \( B \) to basis \( B' \), we apply
the change of basis formula:

\[\mathbf{v} {B'} = P {B'\leftarrow B} \cdot \mathbf{v} {B} = \begin{pmatrix} 1 & 1 \\
1 & -1 \end{pmatrix} \cdot \begin{pmatrix} 3 \\ 2 \end{pmatrix} = \begin{pmatrix} 5\\ 1
\end {pmatrix}\]

This calculation shows how the vector \( (3, 2) \) is represented in the new basis \( B'\) as
\((5, D).

Conclusion

The change of basis formula is an essential tool in linear algebra, enabling the
transformation of vectors and matrices between different bases. By understanding how to



construct the change of basis matrix and apply it to various contexts, one can simplify
calculations and gain insights into the relationships between different vector spaces.
Whether in computer graphics, physics, or data science, the ability to change the basis is a
powerful skill that enhances analytical capabilities in numerous fields.

Q: What is the change of basis formula in linear
algebra?

A: The change of basis formula in linear algebra allows you to convert the coordinates of a
vector from one basis to another. It is represented mathematically as \( \mathbf{v} {B'} =
P {B'\leftarrow B} \cdot \mathbf{v} {B} \), where \( P_{B'\leftarrow B} \) is the change
of basis matrix.

Q: How do you construct a change of basis matrix?

A: To construct a change of basis matrix, identify the two bases involved, express the
vectors of the new basis in terms of the old basis, and use these coefficients to form the
matrix that represents the transformation.

Q: What are some applications of the change of basis
formula?

A: The change of basis formula has applications in computer graphics for transformations,
in physics for different coordinate systems, and in machine learning for feature
transformation techniques such as PCA.

Q: Can the change of basis formula be applied in three-
dimensional space?

A: Yes, the change of basis formula can be applied in three-dimensional space just as it is
in two-dimensional space, allowing for the transformation of vectors among different
bases.

Q: What is the significance of the standard basis in
relation to the change of basis formula?

A: The standard basis serves as a reference point for expressing other bases. The change
of basis formula often involves transforming vectors from the standard basis to another
basis, highlighting its importance in linear algebra.

Q: How does the change of basis affect the



representation of linear transformations?

A: Changing the basis can simplify the representation of linear transformations, making
computations easier and providing different perspectives on the structure of the
transformation.

Q: Are there any computational tools available for
changing bases in linear algebra?

A: Yes, numerous computational tools and software packages, such as MATLAB, NumPy,
and others, provide functions to easily perform change of basis calculations for vectors
and matrices.

Q: What are the properties of the change of basis
matrix?

A: The change of basis matrix is invertible if the bases are linearly independent, and its
inverse allows you to convert coordinates back to the original basis, preserving the
geometric relationships of the vectors.
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