
what is a null space in linear algebra
what is a null space in linear algebra is a fundamental concept that plays a crucial role in
understanding linear transformations and vector spaces. The null space, also known as the kernel,
consists of all the vectors that, when transformed by a given matrix, yield the zero vector. This
article will delve into the definition, properties, and significance of the null space, as well as its
relationship with rank and linear independence. We will explore how to compute the null space,
provide examples, and discuss its applications in various fields, including engineering and computer
science. By the end, you will have a comprehensive understanding of what a null space is in linear
algebra and its implications.
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Definition of Null Space

The null space of a matrix is defined as the set of all vectors \( \mathbf{x} \) such that when the
matrix \( A \) is multiplied by \( \mathbf{x} \), the result is the zero vector. Formally, if \( A \) is an \(
m \times n \) matrix, the null space \( N(A) \) can be expressed as:

N(A) = { \mathbf{x} ∈ ℝⁿ | A\mathbf{x} = \mathbf{0} }

In this context, the null space reflects the solutions to the homogeneous equation \( A\mathbf{x} =
\mathbf{0} \). This concept is central to linear algebra as it helps in understanding the behavior of
linear transformations represented by matrices. The null space is a vector space itself, meaning it
adheres to the properties of vector addition and scalar multiplication.

Mathematical Representation

To better understand the null space, it is crucial to consider the matrix-vector multiplication
involved. Given a matrix \( A \) of size \( m \times n \), the null space consists of all \( n \)-dimensional
vectors \( \mathbf{x} \) that satisfy the equation \( A\mathbf{x} = \mathbf{0} \). This leads to a



system of linear equations:

Each row of the matrix \( A \) produces a linear equation, and the null space represents the
intersection of the solution sets of these equations. The dimension of the null space, known as the
nullity, provides insight into the number of free variables in the system of equations. The
relationship between the rank of the matrix (the dimension of the column space) and the nullity is
captured by the Rank-Nullity Theorem:

Rank(A) + Nullity(A) = n

Properties of Null Space

The null space has several important properties that are vital for understanding its structure and
implications in linear algebra:

Subspace: The null space is a subspace of \( ℝⁿ \), meaning it contains the zero vector, is
closed under vector addition, and is closed under scalar multiplication.

Dimension: The dimension of the null space, or nullity, is determined by the number of free
variables in the system of equations.

Relation to Linear Independence: If the null space contains only the zero vector, the
columns of the matrix are linearly independent.

Transformation Insight: The null space provides insight into the properties of the linear
transformation represented by the matrix, particularly in terms of how it compresses or
transforms the vector space.

Computing the Null Space

To compute the null space of a matrix, one typically follows these steps:

Set Up the Equation: Write the equation \( A\mathbf{x} = \mathbf{0} \).1.

Row Reduce: Use Gaussian elimination to row reduce the matrix \( A \) to its reduced row2.
echelon form (RREF).

Identify Free Variables: From the RREF, identify the pivot columns and the corresponding3.
free variables.

Express Solutions: Write the general solution in terms of the free variables, which will4.



provide the vectors that span the null space.

For example, consider the matrix:

A = \begin{pmatrix} 1 & 2 & 1 \\ 0 & 0 & 0 \\ 0 & 1 & -1 \end{pmatrix}

By performing row reduction, one may find the null space vectors, leading to a clearer
understanding of the solutions to \( A\mathbf{x} = \mathbf{0} \).

Applications of Null Space

The null space has practical applications across various fields, including:

Engineering: In control systems, the null space helps determine system stability and
controllability.

Computer Science: In computer graphics, the null space is used in algorithms for
transformations and projections.

Data Science: The null space is integral in dimensionality reduction techniques such as
Principal Component Analysis (PCA).

Network Theory: Analyzing flow networks often involves understanding the null space to
identify feasible flow configurations.

These applications underscore the importance of the null space in solving real-world problems and
optimizing systems across disciplines.

Conclusion

Understanding what a null space is in linear algebra is essential for anyone delving into the subject.
Its definition, properties, and computation methods provide a robust framework for analyzing linear
transformations and systems of equations. By grasping the concept of null space, one gains valuable
insights into the structure of matrices and the relationships between linear equations. As
highlighted, the null space is not just a theoretical concept but has significant practical applications
in various fields, showcasing its depth and relevance in both academic and real-world contexts.



Q: What is the significance of the null space in linear algebra?
A: The null space is significant because it helps determine the solution set of homogeneous linear
equations, indicating the presence of linear dependencies among the columns of a matrix. It also
relates closely to the concepts of rank and linear transformations.

Q: How do you find the nullity of a matrix?
A: The nullity of a matrix can be found by first determining the rank of the matrix using row
reduction and then applying the Rank-Nullity Theorem, which states that the nullity is equal to the
number of columns minus the rank.

Q: Can the null space be empty?
A: No, the null space cannot be empty; it always contains at least the zero vector, which corresponds
to the trivial solution of the equation \( A\mathbf{x} = \mathbf{0} \).

Q: What does it mean if the null space contains only the zero
vector?
A: If the null space contains only the zero vector, it indicates that the columns of the matrix are
linearly independent, meaning there are no non-trivial solutions to the equation \( A\mathbf{x} =
\mathbf{0} \).

Q: How does the null space relate to linear transformations?
A: The null space of a matrix corresponding to a linear transformation provides insights into how the
transformation compresses the input space. It indicates which vectors are mapped to the zero
vector, revealing properties of the transformation.

Q: What is an example of a real-world application of null
space?
A: In engineering, the null space is used to analyze control systems, helping engineers determine
system stability and controllability, which are crucial for designing effective control mechanisms.

Q: Is the null space always finite-dimensional?
A: Yes, the null space of a matrix is always finite-dimensional, as it is a subspace of \( ℝⁿ \), where \(
n \) is the number of columns of the matrix.



Q: What mathematical tools can be used to compute the null
space?
A: The primary mathematical tool used to compute the null space is Gaussian elimination, which
facilitates row reducing the matrix to its reduced row echelon form to identify free variables and
express the solution set.

Q: Can the null space be larger than the column space?
A: No, the null space cannot be larger than the column space. In fact, the dimensions of the null
space and column space are related through the Rank-Nullity Theorem, ensuring that their
dimensions, combined with the rank, equal the number of columns.

Q: How do you interpret the solutions found in the null space?
A: The solutions found in the null space represent all possible vectors that, when transformed by the
matrix, yield the zero vector. These solutions illustrate the dependencies among the original vectors
represented by the columns of the matrix.
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